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Abstract 

In this paper, we review classical and quantum field theory of massive non-interacting 
spin-two fields. We derive the equations of motion and Fierz-Pauli constraints via three 
different methods: the eigenvalue equations for the Casimir invariants of the Poincare group, 
a Lagrangian approach, and a covariant Hamilton formalism. We also present the conserved 
quantities, the solution of the equations of motion in terms of polarization tensors, and the 
tree-level propagator. We then discuss canonical quantization by postulating commutation 
relations for creation and annihilation operators. We express the energy, momentum, and 
spin operators in terms of the former. As an application, quark-antiquark currents for tensor 
mesons are presented. In particular, the current for tensor mesons with quantum numbers 
= 2 ^ is, to our knowledge, given here for the first time. 
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1 Introduction 

A first important step toward the understanding of elementary and composite particles in a rela¬ 
tivistic context was made by O. Klein and W. Gordon: the so-called Klein-Gordon (KG) equation 
gives the correct relation between mass, energy, and momentum of all relativistic particles and is 
capable of describing the dynamics of scalar fields in the non-interacting limit. It can be used to 
study pions and other (pseudo-)scalar mesons as well as the recently discovered Higgs particle. 

A fundamental property which naturally emerges when special relativity is applied to classical 
and quantum field theories is the spin, which is semi-integer for fermions and integer for bosons. 
P. Dirac introduced the famous Dirac equation for fermions with spin 1/2, which was able to 
describe relativistic electrons and leads to the correct energy levels of the hydrogen atom. The 
Dirac equation forms the basis for the description of all fundamental matter particles in the 
Standard Model, i.e., the quarks and leptons. It can also be used to describe composites of 
quarks, e.g. baryons with spin 1/2. 

Later on, A. Proca [1] developed an equation which describes massive particles with spin one. 
Nowadays the Proca equation finds an application in effective theories for hadrons, in order to 
describe composite vector and axial-vector mesons, such as e.g. p and ai mesons. In the limit of 
zero masses, the Proca equation correctly reproduces the (inhomogeneous) Maxwell equation for 
the photon field. 

At present, no fundamental particle with spin larger than one appears in the Standard Model. 
However, in an extension of the latter which encompasses the gravitational force, gravitons as 
spin-two particles might enter. On the other hand, composite particles with high spin exist: for 
instance, in the baryonic sector the famous A particle has spin J = 3/2, while in the mesonic 
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sector there is a whole class of tensor mesons (J = 2 with different parity and charge conjugation 
quantum numbers). At the same time, the quantum field-theoretical description of particles with 
arbitrary spin is an interesting subject on its own. This field was initiated by Fierz [2] and Fierz 
and Pauli in 1939 [3], where they postulated the so-called Fierz-Pauli constraints. 

In the present work, we focus on the classical and quantum field theory of massive non¬ 
interacting spin-two fields. Although these have been subject of many works [2, 3, 7, 9-12,14, 
16-20,23,26], usually only certain aspects of the theory of spin-two fields have been considered 
and a comprehensive review is still missing. With this work, we aim to fill this gap. In addition, we 
emphasize the importance of deriving the Fierz-Pauli constraints from fundamental principles. We 
also present the operators for energy, momentum, and spin of spin-two fields in terms of number 
operators, which to our knowledge has not been shown before. 

This paper is organized as follows. In Sec. 2 we discuss the classical theory of spin-two fields. 
We derive the equations of motion and the Fierz-Pauli constraints via three different methods. 
The first is based on the observation that fields with a given spin form irreducible representations 
of the Poincare group. Thus, they must fulfill eigenvalue equations for the two Casimir operators 
of this group. From these, we demonstrate how to extract the equations of motion and the Fierz- 
Pauli constraints. The second method is the conventional Lagrangian approach: one postulates 
a Lagrangian from which one derives the equations of motion and the Fierz-Pauli constraints via 
the Euler-Lagrange equations. The third method is a novel approach based on a Lorentz-invariant 
Hamilton density which is obtained from the Lagrangian via a covariant Legendre transformation, 
i.e., by also replacing spatial derivatives of the field by canonically conjugate fields. Equations of 
motion and Fierz-Pauli constraints emerge from the covariant canonical equations and agree with 
the results obtained with the other two methods. We also derive the energy-momentum tensor 
and conserved quantities and we present the solution of the equations of motion in terms of a basis 
of polarization tensors for spin-two fields. We conclude this section by presenting the tree-level 
propagator. 

In Sec. 3 we quantize the classical spin-two field via postulating commutation relations for 
the creation and annihiliation operators. We also present the Hamilton, momentum, and spin 
operators. In particular, the z-component of the spin operator assumes a simple and physically 
intuitive form. We conclude this work with a summary and an application to quark-antiquark 
currents for tensor mesons with quantum numbers = 2++, = 2 , and = 2 

In particular, the latter is - to our knowledge - presented here for the first time. Many technical 
details are relegated to various appendices. Our units are h = c = 1 and the metric tensor is 

= diag(-b, 

2 Classical spin-two fields 

In this section we first discuss the classical equations of motion for non-interacting massive spin-two 
fields. Here, we follow a novel approach which is based on the observation that the representations 
of any group can be classified according to the eigenvalues of the respective Casimir operators. 
Therefore, a field in a given representation of a symmetry group has to fulfill eigenvalue equations 
for the Casimir operators of this group. The Casimir operators are functions of the generators of 
the group. In our case, the symmetry group is the Poincare group. As a first step, we therefore 
construct the generators of this group in the representation for spin-two fields. We then compute 
the Casimir operators in this representation and show that the respective eigenvalue equations 
for these operators comprise the equations of motions as well as the Fierz-Pauli constraints for 
the fields. In this section, we focus on spin-two fields. However, for the sake of the completeness, 
we demonstrate the validity of this approach also for spin-1/2, spin-one, and spin-3/2 fields in 
App. D. Next, we shall also discuss the more conventional derivation of the equations of motion 
and the constraints for spin-two fields from a Lagrangian. In the construction of this Lagrangian 
we put special emphasis on the fact that the equations of motion as well as the constraints must 
follow from the Euler-Lagrange equations. Subsequently, we construct a covariant extension of 
the conventional Hamilton density and show that the equations of motion and constraints follow 
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also from the canonical equations. At the end of this section, we list the conserved quantities, 
solve the classical equations of motion for non-interacting massive spin-two fields, and quote the 
tree-level propagator for spin-two fields. 

2.1 Generators of the Poincare gronp 

The fundamental symmetry that each relativistic classical and quantum field theory has to fulfill is 
form invariance under Poincare transformations which include space-time translations and Lorentz 
transformations, see e.g. Ref. [4, p.55-64]. The four-vector of space-time coordinates transforms 
under Poincare transformations as 

x>^ x'>^ = > ( 1 ) 

where is a real four-vector and is the (4 x 4)-matrix of Lorentz transformations fulfilling 
^ = gap. The corresponding infinitesimal transformation reads 

^x'^^ = x^^ ESoj^^^x''+ , ( 2 ) 

where is an infinitesimal rank-two tensor and an infinitesimal four-vector. 

The algebra of the Poincare group involves the six generators of the Lorentz group and 
the four generators P“ of space-time translations, 

r^] _ = i -k g“' 5//37 + gMjo^S _ ^ ( 3 ) 

[P“,P^]_=0, (4) 

[pT", 7“^] _ = i - g'<^P°‘) . (5) 

We now determine the generators in the representation for spin-two fields. 


2.1.1 Generators for translations 

In order to derive the generators P“ for translations we require, as usual [5], that the new field 
at the translated coordinate x''^ is equal to the old field at the original coordinate 


T'f^^{x'^) = Tf^‘'{x^). 

Adding T'^^{x'^) to both sides of this equation, this can be arranged into 

T'^''{x'^) = Tf^''{x^) - - T'f^'^ix^)] . 


( 6 ) 


(7) 

It is sufficient to consider infinitesimal translations, cf. Eq. (2). Thus we may expand the term in 
brackets to first order in e'^. 


T'^^''{x'^) = + 0(6^) - 

= - g^g';ead‘^T-P{xn + 0{e ^), ( 8 ) 

where to order O(e^) we were allowed to replace On the other hand, 

a space-time translation of a field can be expressed in terms of a group element acting on the 
original field: 

= exp (-Z a„P“) , (9) 

where Ua is the translation vector, cf. Eq. (1), and (P“)^o-'^p is the generator for translations in 
spin-two field representation. For infinitesimal translations Oq —> and we may expand the 
exponential in Eq. (9) to obtain 

r'^'^ix^) = [g^^gl - * e„(P“)^% + Oie^)] T^p{x^) 

= - i + 0{e^). 

Comparing this result with Eq. ( 8 ) one extracts the generators for translations as 


( 10 ) 


( 11 ) 
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2.1.2 Generators for Lorentz transformations 

We apply the same method as in the preceding subsection to derive the generators for Lorentz 
transformations. We start with the Lorentz transformation of a rank-two tensor, 

= A^^^k%T'^P{x'^). ( 12 ) 

This equation describes the relation between the transformed field at the new position x''^ and 
the original field at the old position x'^. Note that both field and coordinate are transformed. 
In consequence, this relation only yields the part of the generator which is related to the spin 
of the field, whereas the part that is related to angular momentum will not appear. In order to 
extract the complete expression for the generators of Lorentz transformations in spin-two field 
representation, one has to compare the transformed field T'^'^ with the original one at the 
same coordinate x^. As in Eq. (7), this is done by adding to both sides of Eq. (12) and 

rearranging the terms into the form 

T'P''{x^) = AP^A''pT^P{x^) - [T'P%x'^) - T'P''[x^)] . (13) 

For infinitesimal transformations, cf. Eq. (2), we replace —>■ gp -\- -I- 0{6uj^) and expand 

the term in brackets to first order in Six'^^x'^: 


T'P’^ix^) = [gP + 5u:P, + O)^^)] 

- [T'P''[x^) + 5LOo,px^d°‘T'P''[x^) + O(Suj^) - L'P^ix^}] . (14) 

To first order in Sw, we may replace d°‘T'P''{x'^) d'^TP'^{x'^). We now make explicit use of the 

antisymmetry of SujajS- This is important, since otherwise we will not obtain the correct expression 
for the generators J“^. Equation (14) can then be rewritten as 

T'p-'ixn = TP'^ixn + + gWa^ -g^^gn 

+ gpg';{x°‘d^ - a;^a“)] T‘"^(x^) -k 0{SiJ^). (15) 


A Lorentz transformation of the rank-two tensor field can also be written in terms of an element 
of the Lorentz group acting on this held, 

r'^"(x") = exp f-i " r"^(x"), (16) 

V L ' a p 

where {I°‘^)Pa'^p are the generators for Lorentz transformation in the rank-two tensor held repre¬ 
sentation. For an inhnitesimal transformation, iXap —> SuJajS, the exponential can be expanded. 


T'P’'{x'^) = 


SlXo 


T'^P{x^) 


= TP^x^) - i°-^{I<^P)P^'^ ^T^P{x^) + . 


(17) 


By comparing Eqs. (15) and (17), we read off the generators as 


(/“^)^% = * [gPAg''‘^gf^p - g-'^g^) + g';{g^^g^ - g^^gZ) + ■ 


(18) 


This procedure to obtain the explicit form of the group generators has also been employed e.g. in 
Reinhardt & Greiner [5, p.119,148,149] and Greiner [6, p.391-392]. For an application to spin-1/2, 
spin-one, and spin-3/2 fields, see App. D. 

The generators (18) can be decomposed into a spin part [S°‘^)p^'^ p and an angular momentum 
part (L“'^)^%: 

{S^^)PJ^P = i - g'^^g^p) + - g^^g^a)] , 

{L^P)PJ'p=igPg''p{x^dP -x^d^). 


(19) 

( 20 ) 
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The result for the spin part {S°'^)^„''p agrees with that given in Ref. [7, p.213], where it was 
termed ‘spin operator’. This denotation is, however, not quite correct, as we shall see in Sec. 2.6, 
because it is only part of the spin operator. 

In order to check whether Eqs. (11) and (18) are the correct expressions for the generators of 
the Poincare group in the representation appropriate for rank-two tensor fields, it is necessary to 
prove that they fulfill the group algebra (3) - (5). This is explicitly demonstrated in App. A. As 
is shown there, iS°‘^)^„‘'p and fulfill the Lorentz algebra (3) separately. On the other 

hand, relation (5) is only fulfilled, if the complete generator {I°‘^Ya'^p = {S°‘^YYp + {L°‘^YYp 
is used. This is due to the fact that the spin part [S°‘^YYpi which is closely linked to Lorentz 
boosts, commutes with pi whereas rotations, which are generated by {L°‘^YYpi do not 

commute with translations. 

2.2 Eigenvalue equations for the Casimir operators 

The Casimir operators Ci of a group are the operators which commute with all generators of the 
group. This means that these operators and their eigenvalues are invariant under the symmetry 
transformations of the group. In consequence, the eigenvalues of these operators can be used to 
classify the representations of the group. The Poincare group has two Casimir operators. 

Cl = ^ 

C2 = W^ = = -^Ypl'^p^ + YpI'^P^P^ , 

where 

(23) 

is the so-called Pauli-Lubanski pseudovector. The expression on the right-hand side of Eq. (22) 
is proven in App. B. The last equality in Eq. (23) follows from the commutation relation (5) and 
the antisymmetry of the Levi-Civita tensor. The eigenvalue of Ci is the squared mass rY of the 
particle, while the eigenvalue of C 2 is —m?s{s -\- 1), where s is the spin of the particle, see e.g. 
Ref. [4, p.55-64]. 

The next step is to find the equations of motions for a field of a given spin. The standard 
approach is the Bargmann-Wigner method [8] (see also Refs. [6, chap.15] and [9, p.63]). Another 
way is to use projection operators as discussed in Ref. [10, p.l684ff] and further elaborated in 
Ref. [7, p.213-217] for the spin-two case. In the following we present yet another, and to our 
knowledge novel, way to derive the equations of motion as well as the Fierz-Pauli constraints. 
This will be done via eigenvalue equations for the Casimir operators. In this section, we apply 
this approach to rank-two tensor fields T“^. In App. D we demonstrate its validity for spin-1/2, 
spin-one, and spin-3/2 fields. Therefore, we conjecture that it is valid also for fields with arbitrary 
spin. 

The eigenvalue equation for the first Casimir operator Ci (21) reads: 

= {Pc.YYp{P")%^sT^' = ■ ( 24 ) 

Using the generator (11) for translations in spin-two field representation, this equation becomes 
the well-known Klein-Gordon (KG) equation: 

. (25) 

We now proceed by computing from Eq. (23) in rank-two tensor field representation, i.e., using 
Eqs. (11) and (18). As shown in App. C, the result is 


( 21 ) 

( 22 ) 


= 2 [{Ws - + g^g;) □ 

+ 57^5^9" + g>^^d-,ds - - g^d-^ds - g'^d^ds - 55^9^9^] . (26) 
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In analogy to Eq. (24) one obtains the eigenvalue equation for C 2 = W^, acting on a rank-two 
tensor field, as 

, (27) 

where we have to set s = 2. Using the explicit expression (26) for W^, one obtains with the 
abbreviation T^,, = T: 

H- 

= 2{2aT^^’' - + n 

+ df^d'^T + g^’'d-ydsT'^^ - d^^dyT'^’' - d''dsT^^^ - d^dsT''^ - d''d-yT'^^) . (28) 

We now employ Eq. (25) to obtain 
Q = m^ [T^’' + g>^''T 

+ d^d'^T F g^''dydsT^^ - d^d^T^'' - d'^dsT^^ - d^dsT''^ - . (29) 

A rank-two tensor can always be decomposed into a part which is symmetric, Tjl'^ = {T^‘^+T‘'^)/2, 
and one which is antisymmetric, = (T'^'^ — T'^^)/2. For the latter, Eq. (29) reduces to 

0 = 2m2r„^'^ —^ Tr^ = 0, (30) 

if ^ 0. This means that a spin-two field can be described by a symmetric rank-two tensor. 

For the remainder of the calculation, we may now take to be symmetric. Then, Eq. (29) 
becomes 

0 = gf^'' m^T + d^d''T + g^^''dydsT^^ - 2 - 2 d''d-fT^^ . (31) 

Taking the trace, we obtain using the KG equation (25) 

0 = (4m2-kn)r = 3m2r —^ r = o, ( 32 ) 

i.e., the symmetric rank-two tensor field describing spin-two particles is traceless. Using this fact 
and taking the four-divergence of Eq. (31) leads to 

Q = -d''d^dsT''<^-2Ud-yT^''. (33) 

Taking the four-divergence again gives (yet again employing the KG equation) 

Q = -iUd-,dsT^^ = im^d-,dsT^^ —^ d-,dsT'^^ = Q. (34) 

Inserting this back into Eq. (33) we obtain (again using the KG equation) 

0 = -2 □ = 2 m'^dyT^'' —> = 0 . (35) 

In summary, the eigenvalue equations (24), (27) for the two Gasimir operators have been shown 
to be equivalent to the following equations for a spin-two field: 

0= (□-km2)T''‘', (36) 

0 = , (37) 

0 = , (38) 

0 = , (39) 

cf. Eqs. (25), (30), (32), and (35). Equation (36) is the equation of motion for the rank-two tensor 
field, i.e., each component obeys the KG equation. Equations (37), (38), and (39) are additional 
equations known as Fierz-Pauli constraints. These constraints constitute 6-|-l-|-4 = 11 additional 
conditions which reduce the number of degrees of freedom of a rank-two tensor field from 16 to 
16 — 11 = 5. These are just the 2s -|-1 = 5 spin projections or polarization directions for a spin-two 
particle. 
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The generalization of Eqs. (36) - (39) for arbitrary spin was already provided by Fierz [3, P.5- 
8,18-20] and in a more modern notation by Bouatta et al. [11, p.l], Huang et al. [9, p.65,66], and 
Chang [12, p.2]. For arbitrary integer spin N (bosons) they read 

0 = + , 

0 = \f I <i ^ j < N, 

0 = 

0 = \/l<i<N, 

and for arbitrary semi-integer spin (fermions) they are 

0 = + , 

0 = {i0 — , 

0 = V 1 < z ^ j < iV, 

0 = yi<i^J<N, 

0 = V 1 < i < iV, 

0 = V 1 < z < . 

For the general determination of the number of degrees of freedom see Ref. [3] and the works of 
Barut & Raczka [13, p.635] and Huang [9, p.63]. 


2.3 Lagrangian 

In this section, we discuss the derivation of the equations of motion and the Fierz-Pauli constraints 
from a suitably defined Lagrangian. This Lagrangian was already given in Ref. [14, p.3] and reads 

c= (T „/3 + Tp^)] + T^“) - i {d^T)d^^T - j [d^ (r“^ + T^“)] + Tp^) 

o z 4 

1 2 2 

T77 ^ 771 ^ 

+ o + T'^n] duT - — (T^. + T,^) (T'^" + T"'^) + —T^ . (40) 

Z O Z 

In the following we shall explicitly demonstrate that this Lagrangian leads to Fqs. (36), (37), (38), 
and (39) via the Fuler-Lagrange equations 

5 ^^_^=0 (41) 

^d{d^T^p) dT^p ^ > 

Inserting the Lagrangian (40) into the Fuler-Lagrange equations we obtain 

0 = i □ (T^, + T,^) -g^,UT- (T,, + T,„) - ^3,9“ + r^„) 

+ d^d^T + 5^, i dc^dp {T‘^^ + T^‘^) + ^ - g^^m^T . (42) 

Note that only the symmetric combination T“^ -|- T^“ enters these equations, i.e., only the sym¬ 
metric part of T“^ is a dynamical quantity. The antisymmetric part does not play any role. Of 
course, this is a consequence of the way the Lagrangian (40) is constructed. Nevertheless, one 
should not assume from the very beginning, i.e., in the Lagrangian itself, that T°‘^ is symmetric, 
otherwise one will not obtain the correct form of the covariant Hamilton density and the tree-level 
propagator, see Secs. 2.4 and 2.8. 

In the following, we shall therefore assume that T°‘^ = T^°‘, i.e., that Eq. (37) holds. Then, 
Eq. (42) simplihes to 


0 = □ - 


5^, □ T - + df,d,T + g^MpT^^ + 


g^^m^T. ( 43 ) 
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This equation is known as the Fierz-Pauli equation, cf. Hinterbichler [15, p.l6]. We now take the 
four-divergence, in analogy to the discussion in Sec. 2.2 and in Ref. [15, p.l6[. This is similar to 
the derivation of the Proca equation (cf. Reinhardt & Greiner [5, p.152,153]). After cancelling 
identical terms, we obtain 


= d''T , (44) 

which can be reinserted into Eq. (43), resulting in 

0 = □ - d^d^T -\- . 

Taking the trace, we see that 

0 = -3m^T, 

i.e., the rank-two tensor held is traceless, which is Eq. (38). Using this fact in Eq. (44) yields 
the Lorentz condition (39). Finally, using T = 0 and = 0 in Eq. (43), we obtain the 

KG equation (36). This completes the derivation of the equations of motion and the Fierz-Pauli 
constraints starting from the Lagrangian (40). 

The Lagrangian (40) is different from the ones used in other works. Usually some of the 
Fierz-Pauli constraints are introduced from the beginning and are not extracted via the Euler- 
Lagrange equations, see for instance Baaklini & Tuite [16, p.l3], Wagenaar & Rijken [17, p.3[. 
Rivers [18, p.395], and Hinterbichler [15, p.l3]. Indeed, even in the very hrst discussion of spin- 
two helds by Fierz & Pauli the assumption is made that the tensor held is symmetric and 
traceless [2, p.216]. Alternatively, some authors introduced additional auxiliary helds (Lagrange 
multipliers) in the Lagrangian in order to derive the equations of motion and the constraints, see 
Fierz & Pauli [2, p.216[ and Ghang [12, p.l310[, while other authors derive their Lagrangian from 
projection operators [7, p.219-223). In this context we would also like to mention the seminal work 
by Bhargava & Watanabe [19), who quoted a Lagrangian for the complex spin-two held. Finally, 
we also refer to the works of Dalmazi [20] and Bouatta et al. [11], who include several arbitrary 
parameters in the Lagrangian, which are then hxed by physical requirements. 


2.4 Covariant Hamilton density 

In this section, we discuss the derivation of the equations of motion and the Fierz-Pauli constraints 
from a covariant Hamilton density and the pertaining canonical equations. This procedure is 
described e.g. in Refs. [21, p.3,4] and [22], to which we refer for details. To this end, one has to 
perform a so-called complete Legendre transformation of the Lagrangian, i.e., one not only replaces 
the temporal derivatives 9o<(>/ of a field (()/ but also its spatial derivatives Ncpi by associated 
canonically conjugate helds. Gonsequently, if the held (pi is a Lorentz tensor of rank n, then these 
form a Lorentz tensor of rank n -|- 1 dehned as 


TT 


M _ 
/ “ 


dC 

d{dic(pi) ' 


(45) 


Then, the so-called covariant Hamilton density Hcov reads 


'Hcov((/>/,7r)‘) = - C{pi,df,pi). 


(46) 


Note that this quantity is manifestly Lorentz-invariant. The canonical equations can derived from 
a variational principle as [21] 




dir'i 




dpi 


= dfj,pi , 

(47) 

= . 

(48) 


The difference between the covariant Hamilton density Hcov and the usual Hamilton density H 
will be clarihed when we discuss the energy-momentum tensor in Sec. 2.5. 
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In the case of the spin-two field the canonically conjugate field is given by 
dC 


n'^p7 _ 


d{d^T, 


= +1 d'^ + TP-^) - + i {g'P^dPT + gP'^d'^T) 


1 


1 


1 


_ _ {TPP + TPP) - - g^Pdf, {T'^P + TP'^) + - gP'^d^ {TP^ + T^p) . (49) 


Note that at this stage no assumption about T'^p is made. In particular, the Fierz-Pauli constraints 
are not used at this stage but, as we shall see, follow from the canonical equations. This means 
that also the unphysical degrees of freedom of T'^p enter in Eq. (49). We now derive the covariant 
Hamilton density via performing the complete Legendre transformation for the spin-two field (46), 
for details see App. E. The result is 


TIcov — +7: n, 


no-P7 _ i n “ n 

4 a 7 , 


2 --P7 
TTl^ 


Pi 


-in “H'’ 

0 


— i TT “TT 

g 


p/3 


rp2 


(50) 


In App. F it is shown that Eqs. (36), (37), (38), and (39) follow from the canonical equations 
(47), (48) with the Hamilton density (50). This proves that the covariant Hamilton formalism 
is an alternative approach which is completely equivalent to the Lagrangian description. For 
the standard non-covariant Hamilton density for the spin-two field, see for example Baaklini & 
Tuite [16, p.l3], which takes into account all constraints of the spin-two field. This standard 
Hamilton density is the 00-component of the energy-momentum tensor and related to the energy 
of the field, cf. Eq. (56). However, from this Hamilton density one cannot derive all constraints 
for spin-two fields. Wagenaar & Rijken circumvented this problem by adding Lagrange multipliers 
for the constraints to a non-covariant Hamilton density [17, p.5]. Then, they were able to derive 
the equations of motion and the constraints from this Hamilton density. 


2.5 Energy-momentum tensor 

The energy-momentum tensor of the spin-two field is given by: 

0 — __ Q T'^P - a L 

~ d{dPT°^P) '' 

= ^ + d^Tp^) - (d^T) d,T 

- i (a.T^a + 5,T„^) {dpT^P + dpTP<^) 

+ I d^T + i (a“T„^ + 9“r^„) d^T - g^^C . (51) 

Alternatively it is also possible to express the energy-momentum tensor in terms of the covariant 
Hamilton density (46). Using the definition (45) of the canonically conjugate field, the Legendre 
transformation (46), and the canonical equation (47), one obtains 


O TT dUcov 

Opjy — ^^aPfJ, gfJ,v 



dH 


cov 


dWPi 



(52) 


Both expressions lead to equivalent results. In addition, it is now obvious that the standard 
Hamilton density % = 0oo does not coincide with the covariant Hamilton density 'Hcov 

In general one is interested in the energy-momentum tensor for physical solutions. To this end, 
one uses the Fierz-Pauli equations (36), (37), (38), and (39) to obtain: 


[idiTc.p)d'^T^P- 


0 p. = {df^T^p) d,T 


m^T^pT^P] , 


(53) 
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which coincides with the expression of Rivers [18, p.397]. (Also Bhargava & Watanabe mention 
the importance of this tensor and claim that it is independent of all parameters they have in their 
Lagrangian, but do not derive it explicitly [19, p.273[.) In general, an energy-momentum tensor can 
always be symmetrised, see Reinhardt & Greiner [5]. Here this is not necessary because the tensor 
(53) is already symmetric in the indices ^ and v. Finally, the divergence of the energy-momentum 
tensor vanishes, as expected for a system that is invariant under space-time translations: 

= (□ 

= {d,T^P) (□ + m2) = 0 , (54) 

where we used Eq. (36). 


2.6 Conserved quantities 


The aim of this section is to find the conserved quantities following from the Noether theorem. 
The Lagrangian (40) is Poincare-invariant. As is well known, space-time translation invariance 
is responsible for the conservation of the four-momentum = j d^x0oi/. The time-like part 

H = Pq = J d^x0oo is usually referred to as the Hamilton function and coincides with the energy 
of the system. Recall that it is not possible to derive all constraints from H, if one uses 0oo from 
Eq. (53), since the constraints have already been taken into account to derive this expression. We 
now define 

^ jja/30 ^ g0j.ap ^ ( 55 ) 

where we used Eq. (49) and applied the constraints (37), (38), and (39). Then, using Eq. (53) the 
explicit forms for H and P for spin-two fields are: 





n„/3n“^ + 



• -h m^TapT°‘^ 


(56) 


P = 



VT“^ . 


(57) 


A similar result for the Hamilton function H of the spin-two field was already given in Refs. [12, 
p.l314[ and [23, p.l262[. 

The remaining symmetry transformations are the Lorentz transformations, which imply the 
conservation of angular momentum L and spin S, see e.g. Ref. [5, p.44-46]. In general the angular- 
momentum density reads: 

(53) 


Then the m-component of the angular-momentum vector is 


1 

— 1 

[ d^xLnl 


1 

— 1 

r Qc 

1 d^x [idlTap)Xn {dnTap)xi] 


— ^mnl j 

f d^xU^p XI . 

(59) 


The covariant spin density is defined as 


= -i 




^Seny 


T: 


\p 




Xp 


= Up. - g^^g^^) g"" + [g^'^g^^ - g^'^g^n t^p 


2{WPT^p -WPT'^p) 


(60) 
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where we used the symmetry of 11“^ and T°‘^, as well as the definition of the spin part (19) of the 
generator for Lorentz transformations in spin-two field representation. The m-component of the 
spin vector is defined as 


Sm — rt^mnl I d X 


'nl 


= 2emni j d^xn„pT/, 


(61) 


where we used Eq. (60) and the symmetry of 11“^ and T°‘^. Finally, in vector notation L and S 
read: 


L = j d?xll^fi {x X VT“^) , 

(62) 

S = 2 j d^xHp X fP. 

(63) 


Here we defined Hp = n„pe„, where e„ is the Cartesian unit vector in spatial n- 

direction. Note that the factor 2 in front of expression (63) corresponds to the fact that our fields 
are rank-two Lorentz tensors that obey the constraints (37), (38), and (39). As a consequence, if 
the integral in Eq. (63) is properly normalized, the correct value for the spin arises already from 
classical relativistic field theory, without any need of quantization. To our knowledge, expressions 
(61) and (63) are novel results (for angular momentum, see Chang [12, p.l262]). 


2.7 Solution of the equations of motion and polarization tensors 

The solution of the free KG equation (36) for real-valued scalar [5, p.76f| and vector fields [5, p.l60f| 
is well known. This is easily generalized for spin-two fields, 


Tnt, (x) = 


d^k 1 




^ep;,(fc, A) a{k,X)e a*{k, X)e 


-\-ikx 




(64) 


where ujk = \/k"^-\- m? and where we introduced polarization tensors ep,u{k,X) in generalization 
of the polarization vectors e^(k, A) of the spin-one case. 

The polarization tensors can be explicitly determined using the constraints (37), (38), and 
(39). When applied to Eq. (64) one obtains^: 


e^"(fc,A)-e"'^(fc,A) =0, 

(65) 

fcpe^"(fc,A) =0, 

(66) 

ff^.e^"(fc,A) =0. 

(67) 

We choose a specific solution fulfilling the orthonormality condition 

e^,{k,X)eP’'{k,X')=Sxy 

(68) 


^Let us remark that, in the case of massless fields, one has additional constraints from the local (gauge) symmetry, 
which further reduce the number of degrees of freedom. Consequently, this leads to a reduction in the number of 
polarization vectors or tensors, respectively. 
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In the rest frame of the field, where = (m, 0)^, 


a possible choice is: 




e^"( 0 , 2 ) 


e^^(0,3) 


e^^(0,4) 


e^"(0,5) 


1 

71 


1 

71 


1 

71 


1 

71 


1 

7i 


/O 0 
0 1 
0 0 
yo 0 

/o 0 
0 0 
0 1 
\o 0 

/o 0 
0 0 
0 0 
Vo 1 

/O 0 
0 0 
0 0 
yo 0 

/O 0 
0 1 
0 0 
yo 0 


0 0 \ 

0 0 
-1 0 ’ 
0 0 / 

0 0 \ 

1 0 
0 0 ’ 

0 0 / 

0 0 \ 

0 1 
0 0 ’ 

0 0 / 

0 0 \ 

0 0 
0 1 ’ 

1 oj 

0 0 \ 

0 0 
1 0 ■ 
0 -2j 


(69) 

(70) 

(71) 

(72) 

(73) 


In order to find a representation of these polarization tensors in another inertial frame, one has to 
perform a Lorentz boost, see App. G. 

The polarization tensors appear in several forms in different papers. Chang [23, p.l263] only 
mentions the results without discussing the details and Hinterbichler [15, p.17-19] and Huang et 
al. [9, p.67,68] give a short presentation of this topic. Note that, in the massless case (such as in the 
case of the graviton), only two of these five tensors are needed. For example, Carroll uses A = 1, 2 
in his treatment of gravitational waves [24, p.l51]. He also discusses interesting visualizations of 
oscillations along these polarization directions [24, p.153,154] which are helpful to get a better 
idea of the behavior of such fields. 

An important property of the polarization tensors is the completeness relation, see App. H: 


5 

^ ) c^i/(A:, A)eQ,^(/i:, A) 

A=1 


-\- Gfj,pGi,a) — —G^^Gap , 


(74) 


where the tensor G^i, is defined as 


G fxu — 




(75) 


This tensor will appear again in the discussion of the tree-level propagator. Sec. 2.8, and when 
quantizing the fields. 


2.8 The tree-level propagator 


The tree-level propagator for the spin-two field is well known, see e.g. Zee [25, p.35,36], and was 
already described by Hinterbichler [15, p.21]. Here we derive it from the Lagrangian (40), which 
we write in the form 


C ^ 


-T’'PD 

2 


-1 

ypOL^ 


rpOi^ 
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Fourier-transforming the differential operator D^^^p into momentum space (and for the sake of 
convenience denoting the result with the same symbol), we obtain^ 

^vpafi ~ A— {k — TO ) {gi^aQpP + gvPdpa ~ gupdap) 

2 ^9ppkukci ~\~ gpakj^ki^ -t- g^akpkp -t- gifpkpk^ g^pkakp gapki^kp) . 

The tree-level propagator of the spin-two field is the inverse of this differential operator, 

D-^pcpP^^^^ = ^ ia^g^p + gifp) ■ ( 77 ) 

Note that the rank-four identity tensor is symmetric in all indices. In order to determine 
we write it as a sum of all possible rank-four tensors formed from and the metric tensor^. 
Choosing this expansion to be symmetric under the exchanges a A, a -o- /3, (aA) -o- (a;/3), we 
obtain: 


PoL^aX — (^QaaQ^X QolXQ^ cr) P 9a09<yX 

P C (.Q^X^oika- P Q^a^a^X “t“ Qaa^jS^X P Qaxk^kfj^ 
P P i.Qo’xkoik^ -h H“ P k(yk^k(jk\ , 


with coefficients A, C, E that are determined in App. 1. The result is 

PajSaX 


GaaGpx + GaxGpa- — § GafiGaX 


2 — m?) 


(78) 


(79) 


Note that our derivation of the tree-level propagator is based on the Lagrangian (40), which a 
priori does not assume that the spin-two field is symmetric and traceless. In comparison, Wagenaar 
& Rijken derive a non-covariant version of the tree-level propagator [17, p.lO]. For other works 
which discuss the tree-level propagator of spin-two fields, see Bhargava & Watanabe [19, p.276], 
Macfarlane & Tait [7, p.223[, Chang [12, p.l263[, and Rivers [18, p.394[. 


3 Quantized spin-two fields 


3.1 Canonical qnantization 


Various works show how to quantize a spin-two field by making use of the canonical commutation 
relations. Here, we hrst provide a short description of this procedure and then apply it to the 
conserved quantities. The first step in the procedure of second quantization is to promote the 
fields to operators: 

TpXP) —^ ^ . (80) 

Then, the Fourier coefficients a(k,X) and a*(fc. A) become annihilation and creation operators: 

a{k, X) —>■ a{k, X) , a*{k, X) —>■ a^(fc. A). (81) 


This leads to the following operators for the field and its canonically conjugate field, which can be 
expressed in terms of the time derivative of the tensor field according to Eq. (55), 


E ( 2 ^) 




cUk 1 

d^k 1 


5 

^ ^ A) 

A^l 

5 

A) 

A=1 


a{k,X)e-^^^ Pa\k, A)e+^^"^ 

J k^—ujk 

-I Wfc a(fc, A)e-*'=“ + i ujk a\k, A)e+*'=“ 


k^—u 


(82) 

(83) 


^ Hinterbichler [15, p.21] obtains (aside from different sign conventions) the same result. Nevertheless, his 
Lagrangian already accounts for the symmetry of the tensor fields. This requires that the analogue of the differential 
operator (76) in his treatment must be symmetrized by hand. 

similar approach is proposed in exercise 1.5.1 of Zee [25, p.39] to find the completeness relation (209), which 
is the numerator of the tree-level propagator. 
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Following the discussion in Sec. 2.7, these operators fulfill Eqs. (36), (37), (38), and (39). 

There are two possibilities to proceed with quantization: (i) one postulates commutation rela¬ 
tions for the fields (82), (83) and derives corresponding relations for the creation and annihilation 
operators (81). This approach is rather similar to the discussion of the Poisson brackets in clas¬ 
sical mechanics, see e.g. Baklini & Tuite [16, p.l4] for the case of vector fields. Equivalently, (ii) 
one may postulate commutation relations for the creation and annihilation operators and derives 
corresponding relations for the fields, see e.g. the discussion in Reinhardt & Greiner [5, p.l63] for 
the Proca field. Here, we proceed with option (ii) and postulate 


a(fc, A), a'''(P, A') = 2u!k5\x' 5^{k - k') , 

(84) 

o 

II 

1 

1 ^ 1 

(85) 

d^(fc, A), a^(P, A') =0. 

( 86 ) 

It is useful to define the so-called number operator N{k, A) via: 

a^(fc,A)a(fc,A) = 2uJkS^{0) N{k, X), 

where (^^( 0 ) —>■ E/(27r)^ in a finite volume E < oo. 

(87) 


Now it is straightforward to calculate the commutators of the fields. The explicit calculation 
is relegated to App. J. The equal-time commutation relations for the spatial components of the 
spin-two field and its canonically conjugate field then read: 


where 


(t, x), Tif, {t, y) 

T,j (t,f),njfc(t,y) 


0 , 


0 , 

2 {GikGji + GiiGjk) 


1 


GijGki 


iS^{x-y), 



Sij -\- 


djdj 

m? 


( 88 ) 

(89) 

(90) 


(91) 


is the Eourier-transform of the on-shell projection operator (75). 

It is remarkable that the expression in brackets in the last commutator (90) is (up to a factor 
of two) the Eourier-transform of the numerator of the propagator (79). It would certainly have 
been difficult to guess this result and thus quantize the spin-two field following option (i) discussed 
in the beginning of this subsection. 

Similar results for the equal-time commutation relations were also given by Wagenaar & Rijken 
[17, p.9] where, as already mentioned, Lagrange multipliers were used. Also, Bhargava & Watanabe 
presented an expression for the covariant commutator of the charged tensor field [19, p.277]. Chang 
derived a covariant commutation relation for the field [23, p.l261], which is in accordance with Eq. 
(225). More details can be found in Ref. [12, p.l312]. Another discussion which leads to similar 
results is given by Rivers [18, p.400,403]. 


3.2 Operators for conserved quantities 

The conserved quantities presented in Sec. 2.6 become operators once the fields are quantized. Here 
we express the Hamilton operator, the momentum operator, and the spin operator in z-direction 
as functions of the creation and annihilation operators (for more details see App. K). 

















4 CONCLUSIONS AND OUTLOOK 


16 


The Hamilton operator is given by the quantized version of Eq. (56): 
1 


H = 




= S^{Q) / d^ky^ujk 

A=1 


N{k,X) 


1 


while the momentum of the held, Eq. (57), takes the form: 


(92) 


P = - J d^xHa^gVf"^ 

f ^ 

= S^{0) d^k'^kN{k,X). (93) 

\=i 

These results are familiar and consistent with the results for helds with other spin values. The 
energy of the held is given by a vacuum term and the number of all excitations with all possible 
polarisations and momenta multiplied by the respective energy. The momentum operator can be 
interpreted analogously, except that there is no momentum associated with the vacuum. 

The derivation of the z-component of the spin operator is presented in App. K, with the result: 


S, = -2 




= 53 ( 0 ) 


d^k 


2N{k,+) 


2iV(fc,-) + 7V(fe,A)-iV(fc,n) , 


(94) 


where we used number operators in a circularly polarized bases, denoted by A = +, —, A, □, and 
0, see Eq. (239). This is a physically very intuitive result, since it expresses the total spin as 
the sum over all particles with dehnite momentum and (circular) polarization direction, weighted 
with the modulus of the spin projection in z-direction. The result (94) is analogous to that for 
vector helds, see e.g. Reinhardt & Greiner [5, p.l66]. Note that only in the circularly polarized 
basis the z-component of the spin operator Sz is diagonal in the polarization directions, such that 
the corresponding number operators can be employed. Had we chosen a different quantization 
axis, e.g. the ^-direction, the diagonalization of the spin operator is not as straightforward, but 
can be achieved by a rotation of the basis of polarization tensors, or by choosing a basis for the 
annihilation and creation operators which is different from Eq. (239). 


4 Conclusions and outlook 

Spin-two helds play an important role in gravity [24,26] and in its various extensions where even 
massive gravitons appear, see e.g. Refs. [27,28] and refs, therein, as well as in extensions of the 
standard model [29]. In the framework of QCD, tensor mesons naturally emerge as composite 
quark-antiquark bound states [30~35]. It is therefore important to have a solid theoretical basis 
for the held-theoretical description of spin-two helds. To this end, in this work we have reviewed 
known features and presented new aspects of massive spin-two helds in both classical and quantum 
held theory. 

For classical tensor helds, we have determined the equations of motion as well as the Fierz- 
Pauli constraints for tensor helds via three diherent methods: (i) the eigenvalue equations for 
the Casimir operators, (ii) a Lagrangian, and (iii) a covariant Hamilton approach. We have also 
computed the energy-momentum tensor, conserved quantities, and the solution of the equations 
of motion in terms of a basis of polarization tensors. To conclude the discussion of classical helds, 
we have also presented the corresponding tree-level propagator. 
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Quantization required us to postulate commutation relations for the annihilation and creation 
operators. From these and the solution of the equations of motion we have derived equal-time 
commutation relations for the helds and their canonically conjugate counterparts. We have also 
computed the Hamilton, momentum, and spin operators. 

As an application, let us consider tensor mesons in QCD. Conventionally, mesons are bound 
states of a quark and an antiquark, but other, more exotic possibilities, such as glueballs, hybrids, 
tetraquarks, etc. exist, too (see the general discussion in Ref. [36] and for the phenomenology of 
tensor mesons see e.g. Refs. [30-35] and refs, therein). The theoretical description of such objects, 
be it via lattice QCD or via QCD sum rules, requires us to construct composite operators with 
the appropriate quantum numbers. 

In the conventional picture of a meson, i.e., a quark-antiquark bound state, the spin can either 
be S' = 0 or S' = 1, while the orbital angular momentum L can assume all integer values, L = 
0,1,2,.... The total angular momentum J = L -|- S is an integer limited by jL — Sj < J < T -I- S. 
In order to obtain tensor mesons with J = 2, we can therefore either combine S = 0 with L = 2, 
or we can combine S = 1 with L = 1, 2, or 3. 

In general one classifies different particle states in quantum field theory by their transformation 
behavior under parity and charge conjugation. For neutral unflavored mesons these values are 
given by: 

P = (-1)^+1 , C= (-1)^+® . 

Together with the total spin J, the quantum numbers are summarized by . For the specific 
case of J = 2 , there are three possibilities, which we study in the following together with their 
microscopic quark-antiquark currents. These are objects constructed from fermionic quark fields 
qi{x) (where i stands for flavor u, d, s, c, b, t) and should have the correct behavior under Poincare, 
parity, and flavor transformations, as well as charge conjugation and time reversal. Moreover, they 
should fulfill the KG equation (36) and the constraints (37), (38), and (39). Thus, the following 
spin-two quark-antiquark currents emerge: 

(1) Tensor mesons = 2++. They arise from S' = 1 and L = 1 or 3, which couple to 
= 2++. The corresponding current was previously introduced e.g. in Ref. [37]: 




7/x O ^ 


/ o p - 






^.1 


is d 


dj 


(95) 


where d ^ = df, — d fj, and is the total momentum of the meson. 

(2) Axial-tensor mesons = 2 . They arise from S = 1 and L = 2. The respective 

current was introduced in Ref. [38] and reads explicitly: 


{Idfj,i/)ji — iqi 


7m7 d ^ + lyi^ d f. 


2 

3 



k^\ 

J 



qj. 


(96) 


(3) Pseudotensor mesons =2 +. They arise from S = 0 and L = 2. The respective 
current, to our knowledge presented here for the first time, is: 


(7]tAi/)jz — iqi 






2 ( k^ky\ 

3 k^ J 



(97) 


The decays of such pseudotensor mesons will be discussed in a forthcoming publication. 
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A POINCARE ALGEBRA EOR THE GENERATORS IN SPIN-TWO FIELD 
REPRESENTATION 

A Poincare algebra for the generators in spin-two field rep¬ 
resentation 


In this appendix we prove that the generators (11) and (18) in spin-two field representation fulfil 
the Poincare algebra (3) - (5). We start with Eq. (3), which reads for spin-two fields 




gar]{I/3e)^j g + gaeil/3r])^^ g + g/3r]{IaeYj g gpe{IariY^ g 


(98) 


Now we use the decomposition into a spin part [Sa^YY cf. Eq. (19), and an angular momentum 
part {LapYYpi cf- Eq. (20), and insert this into the left-hand side of Eq. (98): 


[S. 


aPiSr^(\_^^ ^ + [Sap,Lr^f\_^^ ^ 

^ _L r r „ r 1 


+ , S'r^c] _ ^ ^ + [Lap,LT^f\_ 


(99) 


Now we compute the four commutators on the right-hand side separately. Inserting the explicit 
expression (19) for the generators in the first commutator, we obtain 

= {s^pYYpiSpY%Y - is,eYYpiSc.p)%Y 

~ ~[gaigagpp ~ gpgap) a gp{gagpa ~ g^gaa)] 

X [gj{g?iges - g^gr,s) + ggig^ge^y - 5 ^ 5 ^ 77 )] 

+ [5a(<5£P - g^gvp) + gpig^dea - g^g^Y] 

X [gY9agps - gpgas) + gg{9a9M - 9pgaY] 

~ ~9j ga igfUrjgaS ~ gpegtjs) ~ gp {garjgeS ~ gaeg-qs) 

~ {9ag0s ~ gpgas){gqgt'f ~ g^g^Y 
~ (5ct5/37 ~ gpgaYi9qg<^s ~ g^ g^s) 

~ 9s ga {gp^g^i ~ gp^g^Y ~ gp iga^gej ~ gaeg^Y 

A ^7 9q {geagps ~ gepgas) ~ 5e Yqagps ~ g^pgas) 

A {g^ges ~ gegqs){gagp~f ~ gpgaY 
A {g^ge-f ~ ge 9vYi9a9PS ~ 9p9as) 

A gg 5(7 {9eagp~f ~ g^pgaY ~ 9t i9vo‘9P~f ~ gqP9aY 


( 100 ) 


The terms in the second and third line cancel against those in the sixth and seventh line. The 
remaining ones can be rearranged as 


[Sap,Srie\_^__^''g = +gaq 
~ gae 

— gpq 
A gpe 


9Y9p9es - g^gps) A gg{gp9ep - g^gpY 
gY9p9vs - g^gps) a gUgpgrii - g^gpY 
9Y9ages - g^gas) A gYg^g^i - g^g^Y 
9Y9a9qS ~ 9q9as) A gg {ga9qi ~ g^gaY 


-gaq{SpeY-y''g A gaYSpvYq'^g + 9Pvi^aeY-y’'g “ 9pYSaqY-y''g 


( 101 ) 
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where we used the definition (19) of the spin generators. We see that the spin part 

fulfills the Lorentz algebra (3) by itself. Next we show that the mixed commutators in Eq. (99) 

vanish identically: 


[Sal3jLrj^]_ ^ ^ — 9a{9a9Pp 9p9ap) ~\~ 9p{.9a9Prj 9^9aa) 9'^9siAv^<^ 

+ 9a9p{Xr,d^ - x^d^) 9j{9a9/BS - g^g^s) + gs(9l9M “ 9'^9ai) 
= 0 . 

Finally, we need to compute 

[Lap, Lne]_^^’'^ = [g^Qpixadp - xpda)g^gs{xpde - x^dr,) 

9a9 p^Xpde Xf^dri')g^g^{xadp Xpdaf\ 

— ^ 9^9S i.XaX'pdpQe XaXedpQr] XpXpdad^ “t" XpX^da^Tj 

T gprjXa^e 9peXa^rj 9ar]Xpd^ p 9aeXpdjj 

— XaXrjdpde + XpXrjdad^ + XaXedpdfj — XpXedad-q 
9aeXrjdp “t" 9peXrjda A 9ar]X^dp 9prjX^da^ 

= i ~gap{Lpe)^^ ^ + gae{Lpp)^^ g + gp'q{Lae)^^ g — gpe{Lap)^^ g 


( 102 ) 


(103) 


which means that also the angular momentum part {Lap)^p fulfills the Lorentz algebra (3) by 
itself. Furthermore, combining Eqs. (101) and (103) proves Eq. (98). 

The second commutation relation of the Poincare algebra (4) can also be calculated explicitly. 
One inserts Eq. (11) and finds: 


[Po.,Pp]_\\ = {gUg^dag^.gldp - g^^g^dpg^.g^gda) 


= 0 . 


(104) 


In order to prove the third commutation relation (5) one uses again the decomposition {Iap)^J^s ~ 


(SapY 


7 S 


(Lap) 


fl V 
7 5' 




(105) 


The first commutator is given by 

[Pa, Sr,Y\_^YY'5 "" - 9e9r}S) + ggig^ge^ “ 5f5r,7)] 

~ \9ai.9ri9^P ~ 9e9vp) P 9p{9T^9tcr ~ 5^5r)o-)] g^gg^a 

= 0 , 

whereas the second term leads to 

[Pa,L^e]_^^''g = [g^gpdagYggixrjd,, - x^d^) - g^gpix^d^ - Xedn)gY9gda 
~ * 9j9s {garjd^ 9ae.dri) 

'9ar,{P.r,%-3UPr,r,\ 


(106) 


(107) 


On the one hand this shows that the third commutation relation (5) is fulfilled, while on the other 
hand this proves that translations do not commute with rotations, whereas the spin part {Sap)^Y^g 
of the generator commutes with the generator of translations. In summary, we have shown that 
the generators of the Poincare group in spin-two field representation fulfill the Poincare algebra 
(3), (4), and (5). 
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B Second Casimir operator 

In this appendix we explicitly calculate the square of the Pauli-Lubanski pseudovector (22). Using 
the identity 


- 3^3^). 


(108) 


we obtain 


1U2 = 


1 r 
4 -■ 


- 9p9^) + 9ai9pg^ - 3^37) + ga(.9pgj - 3^37) 




= ^ (lajPp — lapP-i + IpaP'i — IjaPp + I’y^Pa — IpjPa) P'^ 


= -^Icpg^sP^I^^P'^ + I^isgcsP^I^^P^ 


— [ t2^afiig^S A I'^ggas 


i{g^°P^ - g^^P°‘) + r>^P^ 


pi 


= - 2 ^c./ 3/“^P' + I^pI^^Pc^P^ , 


(109) 


where we used the antisymmetry of in the fourth and sixth lines and the commutation relation 
(5) in the fifth line. 


C Second Casimir operator in spin-two field representation 

Just like the generators, for the spin-two case lU^, Eq. (109), is a rank-four tensor, 

+ (/a;9)^%(/“^)%^5(Pc.)\^(P")%‘^ . 

After inserting the generator for translations (11), this simplifies to: 




( 110 ) 

( 111 ) 


We first compute 




9ai.9xgi3p - 9pg\p) + 3 p(3a5 /3 <t - g^gxa) + g^gp{xxd 0 - xpdx) 
3^(3"“35^ - g^^gt) + 3f(3"“3^ - 3"^3“) + g^g'^si^^d^ - x^d^) 


= 2(3i;3):3? + 3»“+3';35^3^) 

- 3'"“ {glg-is - g^gxs) - 3 “'“ (3a57<5 - 9s9\Y 

- 3“ igxsg^’' - glg^) - g7 { 9 x^ 9 ^'^ - 3^3^) 

+ g^gl{x<^ds - x,dY - g^gxsix'^d'^ - x'^dY + g'iglix'^d^ - x^dY 

- g’^gxYx^df^ - x^a“) + gt;g’'^{xxds - xgOx) - gi;gf{xxd’' - x'^dx) 

+ g'sg^’^ixxd^ - x^dx) - gsg^{xxd^ - x^^dx) 

+ g!^gUxxx^n - 2 xxO^ - x^x^dpdx - xxxpd^d^ - g^^xpd^ + x^dxd^ ■ 

(112) 
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Now we contract A and a, 

= 12 < 5 ^" - F^g/(siAds - xsd^ + - x^d>^) 

+ 2g/gg{x'^a - XaXpd°‘d^ -3xad°‘). (113) 

Finally, inserting Eqs. (112) and (113) into Eq. (Ill) the second Casiinir operator in spin-two field 
representation reads: 

= 2 [(2 5 ^ 5 ^^ - g^'^g-,5 + g^g;) □ 

+ g^sdf^d’^ + g^^'d^ds - g^gd^^d^ - g/d’^Os - g;d>^ds - g^d’^d^] . (114) 

D Fierz-Pauli constraints for spin 1/2, spin one, and spin 
3/2 

In this appendix, we derive the Fierz-Pauli constraints from the eigenvalue equations for the 
Casimir operators for spin-1/2, spin-one, and spin-3/2 fields. We first determine the generators 
P“, of the Poincare group for each case, before we embark on the discussion of the Fierz-Pauli 
constraints. 

D.l Generators of the Poincare group 

D.l.l Spin 1/2: 

We determine the generators for space-time translations from the requirement that the translated 
field at the translated coordinate is identical to the non-translated field at the original coordinate: 

’/'{x''^) = '/{x'^) ■ (115) 

Adding ip'[x'^) on both sides of this equation, rearranging terms, and Taylor-expanding ip'(x''^) 
around x’’ for an infinitesimal translation x''^ = x'^ + e'^ leads to: 

Ip/x'^) = '/{x'") - ['/'{x'") + ead°ip'{x'^) + O(e^) - ip'{x'^)] 

= ^(x")-le«5“V’(a:") + 0 (e"), (116) 

where, to order O(e^), we were able to replace d°‘ip'{x'^) by 9“^/(x'^). In order to keep track of 
Dirac indices, we also explicitly denoted the (4 x 4) unit matrix in Dirac-spinor space by 1. On 
the other hand, a translation can also be written in terms of a group element acting on '/[x'^): 

ip/x'^) = exp (—i UaP’^) /’{x'^) ■ (117) 

Up to first order in Oq, = Cq, this is equal to: 

= tpix^) - i e«P“V'(^^) + 0 {e^). (118) 

By comparing Eqs. (116) and (118) we read off the generator for space-time translations in the 
Dirac-spinor representation as: 


= (119) 

The next step is the determination of the generators for Lorentz transformations. The trans¬ 
formation of a spinor reads, see e.g. Reinhardt & Greiner [5, p.ll9], 


/j'ix'n = S/Jix^), 


( 120 ) 
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with 

S'= exp i , (121) 

where (t“^ = | Adding ip' {x^) on both sides of Eq. (120) and rearranging terms yields 

= S/){x^) - W{x'^) - ip\x'^)]. ( 122 ) 

For infinitesimal transformations, Uap —t 5ujap, and expanding S to first order in 5uj, as well as 
Taylor-expanding ip'(x''^) around a;’’ for an infinitesimal Lorentz transformation x''^ = x'' + 5 uj''' i^x^ 
to the same order yields: 

iP'ix-^) = iP{x^) - i [fT“^ + 2il {x'^d^ - X^d'^)] iP{x^) + 0(fc2) ^ (123) 

where to order 0{5uP‘) we replaced d°‘ip'{x''') by 9“^/^(a:'^) and used the antisymmetry of Suipa- 
On the other hand, the transformation of a spinor under an element of the Lorentz group reads: 

iP'{x^) = exp (-Z ^(x"). (124) 

For infinitesimal transformations, LOap Sujap, and expanding the exponential to first order in 
Slo, we have 

iP'{x^) = iP{x^) - i ^^I‘^^ip{x^) + OiSuj^). (125) 

Comparing Eqs. (123) and(125) the generator for Lorentz transformations in Dirac-spinor repre¬ 
sentation is 

/“/5 = i(j“^+il(a;“a^-a;^a“). (126) 

This expression can be decomposed into a spin part S°‘^ and an angular momentum part L°‘^: 

= 1(7“^ , (127) 

L°‘!^ = it {x'^d^ - x^d°‘). (128) 

One can verify that the generator (126), as well as the spin and angular momentum parts sepa¬ 
rately, fulfill the Lorentz algebra (3). Moreover, both generators (119) and (126) fulfill the two 
other commutation relations (4) and (5) of the Poincare group. The proof is analogous to that 
given in App. A for the rank-two tensor representation of the generators. 

D.1.2 Spin one: 

The generators for space-time translations in the representation for spin-one fields are computed 
analogously to the spin-1/2 case. We demand that 

A'''{x"') = A^(a:^). (129) 

Adding A'''(x'^) to both sides of this equation, rearranging terms, and expanding A'''{x'^) to linear 
order in an infinitesimal space-time translation x'''' = x'' + e' leads to: 

A'^(a:^) = A''{x'^) - [A''^(a:^) -k e«5“A'^(a:^) -k O(e^) - A'^ix^)] 

= A^ix^) - gOe„a“A"(x") + 0{e ^), (130) 

where, up to terms of order O(e^), we were able to replace 9^A""(x'^) by 9^A‘"(a:'^). A space-time 
translation can also be written in terms of a group element acting on the field: 

A'f{x'^) = exp i-i aaP“) ^A‘'(a;^). 


(131) 
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For an infinitesimal translation, Ua = Ca, this reads: 

A'>^{x^) = A>^{x^) - i €o,{P°^Y„A''{x^) + 0{eY ■ (132) 

Comparing Eqs. (130) and (132), the generators for space-time translations can be read off as: 

(p“)^ = -*<a“. (133) 

A Lorentz transformation of a vector field is defined as 

A'^^{x'Y= (134) 

Adding A'^{x'^) on both sides of this equation and rearranging terms, we obtain 

A'^^{x^^) = A^^„A''{xY - [A'^[x'Y - A'^^{x^^)] . (135) 

In the following step we consider an infinitesimal Lorentz transformation matrix A^^^ = g>/ + 
and expand A'^{x''^) around x'^ for an infinitesimal Lorentz transformation x''^ = x'^ + Sco'^oX^, 


= [gii + SioY + oiSojY] AYxY 

- [A'>^{x^) + Sio^^pX^da^A'^^f.xY + 0{5ujY - A'^^[xY] 

= AYxY + [g^^gt - g^^g: - g^Y^d^ - x^d^)] A^xY + o{5loY , (136) 

where we used the antisymmetry of Suja^ and, to order 0(5w^), we were able to replace d°‘A'^{x'^) 
by d°'Af^{x'^). A Lorentz transformation of a spin-one field can also be expressed via a group 
element acting on the field, 

A''^(x") =expf-z^/“^)'' A"(x"). (137) 

For infinitesimal Lorentz transformations, Wq,/? Swap, this reads 

A'>^{xY = A>^{xY - i ^-^{rf^Y.AYxY + 0{5ujY • (138) 

Comparing Eqs. (136) and (138) yields: 

{i^Y\ = * [g’^^gt - g^'^g: + g^ix-d^ - x^dY] ■ (i39) 

It is again possible to identify the spin part, [S^^^Yv^ and angular momentum part, {L^^^Yv^ ol 
the generator: 


(5“^)^ = z(rt5-/'^g“), (140) 

= -x^dY- (141) 

One can prove that the generators (133) and (139) fulfill the Poincare algebra (3), (4), and (5). 
This calculation is analogous to that in App. A for the generators in spin-two field presentation. 

D.1.3 Spin 3/2: 

The transformation of a spin-3/2 field under space-time translations reads 


Y>^{x'Y = V{xY ■ 


( 142 ) 
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Adding on both sides of this equation, rearranging terms, and expanding around 

x'^ for an infinitesimal translation x''^ = x'^ + , we obtain 

^|;'>^{x^) = /j>^{x^) - [/;'>^{x^) + + 0(e2) - ^|;'>^{x^)] 

= rixl - 1 g^e^d^rixn + O(e'), (143) 

where we replaced d‘^'tp'^{x'^) to order O(e^) with d°'tp^{x'^) and explicitly kept track of the (4 x 4)- 
unit matrix 1 in Dirac space. A space-time translation can also be written as a group element 
acting on the field, 

il:'>^{x^) = exp {-i aaP“) {x'^). (144) 

For infinitesimal translations, Oq, —>■ ea, this becomes 

'/'^^{x^) = 'il:>^{x^) - i e„(P“)'^^V’‘'(a;^) + 0[e^). (145) 

Comparison to Eq. (143) yields the generators for space-time translations of Rarita-Schwinger 
fields: 


(P“)^ = -*lg^;9“. (146) 

A Lorentz transformation of a spin-3/2 field reads: 

/j'^^{x'^) = A^,S/^'^{x^). (147) 

Adding ip'>^{x'^) on both sides of this equation and rearranging terms, this becomes 

iP'^ix^) = A^^.S/j^x^) - [ip'>^{x'^) - ip'^ix^)] . (148) 

For infinitesimal Lorentz transformations (with parameters Suiajs) this becomes: 


V^'^(a;") = [5(( + fc^+0(-5cc2)] 


2M + 

4 


rixn 


- [/j'>^{x^) + Sujo,px>^d°‘/j'>^{x^) + O(Suj^) - ip'^ix'^)] 


= /,^^{x^) + 


1 - g^^g:) - ^g>^^ -1 - x^d^) 


r{xn 


0{5u^) , 


(149) 


where we used the antisymmetry of 5u}ap and, to order OiSu)'^), were able to replace d°‘ip'^{x'^) 


by d°‘ip^{x'^). On the other hand, in terms of a group element acting on the field we have: 

i/''^(a;") =exp(-f /j'^ix^), (150) 

which for an infinitesimal transformation reads 

^'/^(a:-) = + 0(5^2). (151) 

Comparing Eqs. (149) and (151) the generators of Lorentz transformations for Rarita-Schwinger 
fields can be read off as: 

^ 1 - g^^Pg/) + ^ 1 - X^^3^) . (152) 

At this point we may again identify the spin part, (5'“^)'^^,, and the angular momentum part, 
(^a/9)At^, generators: 

(5“^)^ = z 1 - g^^g/) + , (153) 

(154) 


Again, one can prove that the generators (146) and (152) fulfill the Poincare algebra (3), (4), 
and (5). This calculation is analogous to that in App. A for the generators in spin-two field 
presentation. 
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D.2 Eigenvalue equations for the Casimir operators 

D.2.1 Spin 1/2: 

With the results (119) and (126) it is possible to construct the Casimir operators P^ and W'^ 
in Dirac-spinor field representation. The first one is simply P^ = — 1 □, and the corresponding 
eigenvalue equation is the KG equation, 

P'^/) =—Ci/) = m/tj) . (155) 


In order to determine , Eq. (109), in Dirac-spinor representation it is useful to write down all 
spinor indices (Roman letters) explicitly: 

+ {I^0/k{I^^)kl{Pc/l^{P'^)mj ■ (156) 

Inserting the generator for translations (119) this becomes 

= i(/„;3),fc(/“'5)fc,n - {I^MI"^)kjdcd'^. (157) 

We first calculate the contraction of the generators in the second term, dropping spinor indices 
for the sake of clarity: 


= 


■ F H {x^dj3 — x/sdj) 


+ tlix°‘dl^ -x<^d°‘) 


= - cr^j3(T°‘^ + - a^p{x°‘d^ - 1^9“) -I- - a°‘^{x^dp - xpd^) 


— 1 (a;.yx“n — 2 Xryd^" — x-yXpd^d'^ — g/xpd^ — x°‘x^dpd^ + x^d^d°'). (158) 


Contracting a and 7 indices, this becomes: 

^ crcip(J°‘^ + iaaj}{x°‘d^ — x^d°‘) — 21 (x^D — 3xpd^ — XaXiid°‘d^). (159) 

We now combine Eqs. (158) and (159) and use the antisymmetry of (t“^ to arrive at the following 
expression for the second Casimir operator (157): 

. (160) 

This expression can be further simplified with the help of the anticommutation relations for the 
Dirac matrices: 

= = (i6i) 

The eigenvalue equation for the second Casimir operator (for s = 1/2) then reads: 

~ ^ ~ —rr/s{s + 1)/} = —. (162) 

Using the KG equation (155), this becomes: 


0 = — rm/) Ip 

= {i$ F m) {/.$ — m) tp 

0 = — m) '0 , (163) 


i.e., the Dirac equation. 
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D.2.2 Spin one: 

With the results (133) and (139) we now consider the eigenvalue equations for the Casimir oper¬ 
ators in spin-one field representation. Equation (133) yields 

iP^rx{Pc)\ = -9Ud‘^d^ = -ffOD , (164) 

thus 

{P‘^Y,^A''= -ngi/A''= -nAf^ =m^A^ , (165) 


i.e., the four components of the vector field fulfill the KG equation. 

Equation (109) with Eq. (139) yields 

+ {Y0)\{I"^)\{Pc.YAP^)% ■ (166) 

Using the generator for translations (133), this simplifies to: 

. (167) 

With Eq. (139) the contraction of the generators in the second term is: 


= Y [g'^gpx - g^gjx + gxi^-yd^ - xpd^ 

= 2g/g/ + g>/g/ 

- <?^(x“a, - :r,9“) + g^Yx'd^ - 

- g^°‘{x.yd„ — XjjdY + g/ix^d^ — x^d^) 

- gi{x^x°^U - 2 x^d°‘ - x^xpd^d°‘ - g/x^d^ - x°‘xpd^d^ + x^d^d°‘) . (168) 

Contracting indices a and 7 results in: 

{Ic.p)\{I‘^Y\ = BgO + 4 (:r,a^ - x^^d,) 

— 2 g'/{x^D — 3 Xisd^ — XaXpd°‘d^). (169) 

Inserting Eqs. (168) and (169) into Eq. (167) the Casimir operator becomes: 

(w^)^, = 2(gon-a^9,). (170) 


This result is well known, see Aurilia & Umezawa [10, p.l688]. Thus, using s = 1 the eigenvalue 
equation for the second Casimir operator is: 

2 □ A'" - 2 = -Tr/s{s + l)^'" = -2 

^ 0 = (□ -f m^) A'' - a^9^A^ . (171) 

This is the Proca equation. Using the KG equation (165) and differentiating with respect to x^ 
gives: 


which is the Lorentz condition. 


0 = □ a^A"" = -m^a^A' 

0 = a,A", 


(172) 
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D.2.3 Spin 3/2: 

With Eq. (146) the eigenvalue equation for the Casimir operator P^ reads: 

{P‘^Y„'i/'' = -U'/^^ = , (173) 


i.e., all components of the Rarita-Schwinger field fulfill the KG equation. 

The second Casimir operator (109) is (again we explicitly denote spinor indices as Roman 
letters): 


+ {Y0/k\{I^^)kl\{Pc/lrn\{PYrnj\ ■ (174) 

With the generators (146) this simplifies to 

, (175) 


where spinor indices have been suppressed. We first compute the contraction of the generators in 
the second term. With Eq. (152) we have 




i 1 {g/aiix - 9p9i\) + \9\(^10 + * 1 9\{xjdj3 - xpd^ 


* 1 - 9^^9/) + 25^“'' + * 1 


= 1 (2 g/g/ + giig/) + ^ ^ 7 / 30 '“'^ 


— 1 — 2 x-yd°‘ — x~fXpd^d°‘ — g/xpd^ — x’^xpd^d-y + x^d^d^") 

+ - 57 .^“'' + - 9>/) 

- 1 [g/ix^^d, - x,dY - 5^.(x“a'^ - x'^a“) 


+g^°'{xjd,j — Xjydj) — g/{xjd^ — x^d^] 


+ ^9'/ [^7/3(2;“ 9 ^ - a:^ 9 “) + (J°‘'^{x^dp - xpdY] ■ 


(176) 


Contracting the indices a and 7 , we obtain the first part of the first term in Eq. (175): 

(7«,9)'";^(/“^)\ = 9150 - 21 g'/{x^U - 3 x^d^ - XaX/3d°‘d^) + 2^0-'"^ 

- 41 (a:''9^ - a;^9'^) + ^ g^a^.^ix’^d^ - x^ , (177) 

where we used the antisymmetry of and (7apu°‘^ = 121. Inserting Eqs. (176) and (177) into 
Eq. (175) one obtains: 

15 O + □ - 21 9^9, + za“'^9„9, - ia“,9„9^ 

= 1 50 □ - 2 9''9.^ - i ([ 7 ^ 7.]_ □ + [^, 7l _ 9. - [$, 7 .] _ 9^^) . 


(178) 
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Aurilia & Umezawa presented this result (without deriving it) in Ref. [10, p.l690]. The eigenvalue 
equation for s = | then reads 


1 {^g^a-2d>^dA-^{[r,i.La+[0,r]_d.-[0,i.]_d>^) 


r 


3 /3 


15 


= —hi nrij}^ =- . 


2 V 2 


Differentiating with respect to and using Eq. (173) one finds 


0 = (□ + 5 m^) 
0 = dvii" , 


(179) 


(180) 


which is the first constraint. Finally, multiplying Eq. (179) with 7 ^ and using Eq. (173) we obtain: 

0 = (Dji, + tp'' 


0 = lyip '', 


(181) 


which is the last constraint for the spin-3/2 field. The procedure can be generalized to arbitrary 
values of spin, see e.g. Ref. [39]. 


E Legendre transformation 

In this appendix we derive the covariant Hamilton density via the complete Legendre transforma¬ 
tion (46) for the spin-two held. The canonically conjugate held is given in Eq. (49). In the course 
of the calculation, we shall also need the following contractions of this held. 


n^a7 ^ _2 QIT -h -h daT'^°‘ , 

n'^„“ = ^ [d'^T - , 

^ [dPT - . ( 182 ) 

From its dehnition (49) it is obvious that the canonically conjugate held is symmetric in the hrst 
two Lorentz indices. This naturally explains why the latter two contractions are identical. 

The Legendre transformation considerably simplihes by noting that 

(r“'5 + T^'^) = i [d^ + Tp^)] dP + r^“) - i {d^T)dPT 

- \ [do. + T^")] dP {T^p + Tp^) 

+ \[d^{TP''+T''P)]d,T. ( 183 ) 

is the kinetic part of the Lagrangian (40), so that 

1 77 ? ^ 777 ^ 

C = -Rap^d^ (T’^P + TP^) - (T^u + {TP’' + T''p) + —. 

4 o Z 


( 184 ) 
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The Legendre transformation now reads explicitly: 

Hcov = - C 

= \ [d'^ [T'^P + TP'^) + d'^ {T-^P - TP‘^)] - £ 

= {T^P + TP^) + i U^p^d'^ {T^P - TP^) 

2 2 
TD ‘‘ TYl ^ 

+ ^ [Tp, + T,p) [TP'' + T"'') - —£2 . (185) 

O Z 


The second term vanishes because IIo-p^ is symmetric in the first two indices. At this point one 
uses the expression for the momentum field (49) to rewrite the first term: 


T~Lcov — + t: n. 


ap~i 


n<^P7 gP'^d'^T - i {g''<'^dPT + gP^d'^T) 


+ \ 9^"dp {TPP + TPP) + i g^Pdp {T’^P + TP'^) - i gP'^dp {TP^ + T^p) 


+ ^ (Tp. + T^p) {TP'^ + T''P) - —T^ . 


(186) 


Then, the derivatives of the tensor field are substituted by the contractions (182) of the canonically 
conjugate field: 

Heov = (u^p'^ - i g^pn^^'y - i gpm\^ - 1 

2 9 

T71 ^ TTl ^ 

+ ^ [Tp, + T,p) [TP'^ + T''P) - —£2 . (187) 

o Z 

This then leads to Eq. (50). 


F Canonical equations 


The covariant Hamilton density contains all information about the system. In the present case 
these are the equations of motion and the Fierz-Pauli constraints. In general one extracts them 
from the canonical equations (47) and (48): 


dUcov _ gSrpafi 


= i g^^UpP^ - i - i , 


= dsIT^P^ 

OlaP 

= (£“^ + £'^“) + m^g°‘^T . 


(188) 


(189) 


The right-hand side of the second equation (189) is symmetric under the exchange of a and fl. 
Hence, the dynamical part of the momentum field is also symmetric. We now prove that also £“^ 
is symmetric. To this end, we exchange the indices a and j3 in the first canonical equation (188), 

QSrPa ^ jj/3a5 _ 1 gPo^xipP^ - i i g’^^Up’^P 

= - ^g‘^%^P , 


(190) 
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where we used the symmetry of the metric tensor and the canonically conjugate field and exchanged 
the order of the last two terms. Comparing this with Eq. (188), we observe that = T/5“. This 
completes the proof the symmetry of the tensor field, which in turn simplifies the second canonical 
equation (189), 


= -m^T°‘^ + m^g°‘^T. (191) 

For the remainder of the calculation it is useful to quote the following contractions of Eq. (188): 

(192) 

= (193) 

Furthermore, by combining Eqs. (192) and (193), we obtain 

= 2 - d^T) . (194) 

Taking the divergence of expression (188) and inserting Eq. (191) in the first term on the right-hand 
side yields 

^ o o 

= -m^T°‘^ + m^g°^^T - . (195) 

2 3 3 

We now employ Eq. (193) with the fact that 11“^^ is symmetric in the first two indices to rewrite 
the last two terms. We obtain 

-b -b . (i96) 

Finally, Eq. (194) is used to express the remaining canonically conjugate fields by derivatives of 
tensor fields. This gives the Fierz-Pauli equation (43). All further steps, i.e., showing that T = 0 
and 9o,T“^ = 0 follow now as shown in Sec. 2.3. The covariant Hamilton approach is therefore 
completely equivalent to the well-known Lagrangian formulation. 

G Boosted polarization tensors 

In this appendix, we compute the polarization tensors in a frame where the particle is moving 
along the z-axis. To this end, we have to perform a Lorentz boost of the tensors given in Eqs. 
(69) - (73). 

In general, Lorentz boosts on vectors and tensors are given by: 

where 


( ^ 

0 

0 

- P 7 \ 

0 

1 

0 

0 

0 

0 

1 

0 

\-pl 

0 

0 

7 / 


with P = V being the three-velocity of the moving frame (the velocity of the particle is equal to 
—V in this frame) and 7 = , ^ 


(197) 

(198) 
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Then, the polarization tensors transform as: 


/ 7 0 0 -P-f\ 


(e'“/3) = 


0 1 0 
0 0 1 
\-Pj 0 0 


0 
0 

7 / 




/ 7 0 0 -P-f\ 

0 10 0 


For k' = (0, 0, k'^) we obtain for A = 1,..., 5: 




72 


e'^’'{k\2) = — 


e'^'^{k',Z) = — 


( 0 

-h 

0 

V 0 
( 0 


e'^-(k'A) = ^ 


0 0 1 


/O 0 

0 1 


0 


0 0-10 

\0 0 0 0 / 

/O 0 0 0 \ 

0 0 10 


0 10 0 

\o 0 0 oy 


= e^"( 0 , 2 ), 


0 
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0 

-h 0 

V 0 

/-2^‘7 
0 
0 

V 2/37^ 


-/37 0 0^ 

0 0 7 
0 0 0 
7 0 oy 

0 -/37 0 \ 

0 0 0 
0 7 

7 oy 

0 0 2/372 

10 0 

0 1 


0 


0 0 -272y 


0 


\-/37 0 0 7 y 


= e'^^( 0 ,l) 


(199) 


Note that the velocity of the particle is 7/^1- = 

It is obvious that the boosted polarization tensors still obey the symmetry and tracelessness 
conditions (37) and (38). In order to check whether Eq. (39) is fulfilled, we first compute the 
four-momentum of the particle in the moving frame, 


/ 7 

0 

0 

-h\ 

/m\ 


/ 7TO \ 



0 

I 

0 

0 

0 


0 

= k'^ = 

0 

0 

0 

1 

0 

0 


0 

0 

\-h 

0 

0 

7 / 

Vo^ 




V'J 


which confirms that fc' = —voj'^. Now one explicitly computes k'^e'^'^{k', A) for each A = I,..., 5 
and confirms the validity of Eq. (39). 


H Completeness relation 

In this appendix, we prove the completeness relation (74). To this end, we note that the left-hand 
side of this equation depends on the three-momentum k, i.e., in a relativistic setting on the on-shell 
four-momentum k^ = {ojk,k)'^, where LOk = + Consequently, we may tensor-decompose 

the left-hand side with respect to all possible rank-four tensor products formed from k^ and the 
rank-two tensor (75), which projects onto the three-dimensional subspace orthogonal to k^. Note 
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that is a projector only if is on-shell. The tensor ( 75 ) fulfills the relations 

= G'^'^, 

= 0 . 

The tensor decomposition reads (see also Ref. [ 25 ]): 

5 

^ ^ '^)£ ck /3 ^ G(yj3 Bl G^oiGIf j3 B2 Gfj^^Giffy 

T Gi ko^kj^G T G2 kfj^ki/Gcti 3 G)\ k^^ko^Gi/^ T D2 kjj^k^Gi/ct 


T -D3 ki/kj^G H” ^4 ki/k(xGE k^^ki/kf^k^ . 

The symmetry relation ( 65 ) yields the conditions 

Bi = B 2 = B, 

Di = D2 = Ds = Dfi = D , 

while the symmetry under simultaneous exchange (^i^) ^ (cr/ 3 ) yields 

Cl = C 2 = C. 

Then, Eq. ( 203 ) can be simplified as: 

5 

^fii^ik, A)ea^(^, X) = A G^iyGajS + B {Gfj,aG,yj 3 + G^jsGjya) 

A =1 

G iJ^c^k^G ~t“ kjiki/Goi^') H“ E k^j^ki/kf^k^ 


T E {k^kfy^Gyj^ T kfxk^G yCL “t“ ky k^Gfxot T kykctG. 

Using Eq. ( 202 ) together with Eq. (66) leads to: 

5 

0 = ^ efj,y{k, X)ec^{k, A) 

A=ri 

= G k‘^ki/Gaf^ -f D i^k'^k(^GII -t- k'^ki^Gna^ -t- E k‘^k^kf^kf^ . 

Contracting this result further with k'', A:“, and k^, we derive that the coefficients G, D, 
vanish. This leaves only two undetermined coefficients in Eq. ( 204 ), 

5 

y^ (fivik, X)eap{k, A) = A GfijyGais + B {G^aG^p E G^pG^a). 

A=1 


(200) 

( 201 ) 

( 202 ) 


( 203 ) 


( 204 ) 


( 205 ) 
and E 


(206) 
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The condition (67) eliminates one of those coefficients, 

5 

0 = A)e«/3(fc, A) 

A=1 


= AGi;,G^p + 2BG^^G'; 

= {3A + 2B)Gcp. (207) 


Inserting the solution A = —25/3 into Eq. (206) we find 

5 


e/xiy(fc, X)eap{k, A) = 2B 


A=1 


2 (G’/iaGiz/S + Gfj^pGiya) — g G^uGajS 


(208) 


Finally, we determine the overall factor B. This will be done using the orthonormality condition 
(68). Together with the properties (200), (201) we obtain 


5 = y]dAA = 25 


A=1 


5(9 + 3)-33 


= 10 5 


5 = - . 
2 


As a final result, the completeness relation reads: 

5 

fX)f„.a(k. X) = 


^' _ _ 1 2 ^ 

^ ^ A)ecK^(A:, A) — ~z{G^ctGu^ -\- G^j^Guct) "tG^^G . 


A=1 


(209) 


cf. Eq. (74). This expression appears also in the numerator of the tree-level propagator discussed 
in Sec. 2.8. We remark that taking the value 5 = 1/2 is consistent with the normalization of the 
tree-level propagator. (For a different choice, see Ref. [25, p.33].) 


I Inversion of the differential operator 

In order to compute the tree-level propagator for spin-two fields explicitly, one has to insert the 
differential operator (76) and the ansatz (78) into Eq. (77) and compare the coefficients of the 
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individual expressions: 


1 


(g^gp+g^gp) = 


1 


(^k 771 ) i.gi'o.gpii E gufugpoL ^ gupga.^^ 


2 {.gpli^i'^a E gpa^iy^/3 “t“ “t“ gu^^p^a gupkot^l3 ga^kj^kp^ 

X [A + 5“^/'") + B 

+ C + gl^'^k’^k^ + g°^^k^k^ + g°‘^k^k’^) 

+ D {g’^^k°‘k^ + g“^fc‘"fc^) + Ek^k^k'^k^] 

= i (fc2 - rm?) [2 A [glg^ + 5^5^ - 2 g^pg""^) -6B g^pg'^^ 

+ 2C {g^kuk"^ + gpkyk^ + g^kpk^ + g^kpk'^ - Ag^pk'^k^) 

+ 2D [g'^^k^kp -ig^pk'^k^ - gupg'^^k'^) 

+ 2E {k^kpk'^k^ — gupk'^k^k'^y\ 


- -[2 A {gpk^k'^ + gpk^k^ + g^kpk^ + g^kpk'^ -2g^pk'^k^ - 2g'^^k^kp) 


-2B {2g'^^k^kp + g^pg'^^k^) 


+ 2C {g^k.k^e + g^pk^k^k^ + g^kpk’^k^ + g^kpk^k^ -Ag^pk’^k^e) 
+ 2 D {(j'^^kykpk^ — g,jpk'^k^k^ — g'^^gupik^Y — 2 k^kpk'^k^^ 


+ 2E {kykpk'^k^k'^ - g^pk'^k^ik'^f)] . 


Equating coefficients term by term one finds: 

1. gZgl and g^g’^p-. 

A- ^ 

2 (kP- — m?) 

2 . gpkt.k'^, gikpk’^, gpk^k^ and g^kpk^: 

0 = i (A:2 _ ^2) 2 C - i (2 A + 2 C/fc^) 
= —m^C — A , 


3. g^pk'^k^: 



1 

m?) m? 


0 = -i {k^ -m^) (8C' + 6£> + 2Efc2) + 2 A + ACk^ + Dk^ + E {k^f 
= -2 Dk^ + 3 + 4 Cm^ + Em^k'^ + 2 A. 


( 210 ) 


( 211 ) 


( 212 ) 

(213) 


( 214 ) 
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^2 _ ^2 


= 2 Dk"^ - 3 Dm^ - Err?k^ . 


4 . k^kpk'^k^: 


0 = (fc 2 - m^) + 2 £) - Ek^ 

= —m^E + 2D. 


(215) 


(216) 


E = 


2D 


Using this in Eq. (215) we obtain: 


D = 


Inserting this into Eq. (217) results in 


E = 


3 ikP' — w?) m? 


3 (fc^ — ‘m?) 


5 . g'^^k^kp-. 


{) = ]^{k^-m^)2DT2A + 2B-Dk"^ 


= -Dm^ + 2A + 2B. 
Inserting Eqs. (211) and (218) leads to: 

B = -- 


1 


3 (fc2 — m^) 


(217) 


(218) 


(219) 


( 220 ) 


( 221 ) 


6 - gupg""^- 

Although all coefficients are already determined the coefficient of this tensor structure leads to the 
condition 

0 = -i {k^ - m^) (4A + 6B + 2Dk^) + Bk^ + D{k^f . (222) 

Inserting the results (211), (218), and (221), we observe that this expression vanishes identically. 

We now insert Eqs. (211), (213), (219), (218), and (221) into Eq. (78) and obtain the tree-level 
propagator as: 


P. 


1 1 


OL^aX — 


2h? — m? 


QoiaQj^X QoiXQj^cr ^ 9ol^9<7X 

~ T {^9^x^oL^cr 9^(y^oL^x 9oL<7k^kx ~\~ 9oLxkj3k(j) 


2 4 

2^2 i9o‘xkoik^ 9oL^k(jkx) H- kak^kfjkx 


(223) 


The result can be expressed in terms of the projector (75) to assume the form given in Eq. (79). 


J Commutation relations 

In this appendix we compute the commutators (88), (89), and (90) for the quantized spin-two 
field (82) and its quantized canonically conjugate field (83). We start with the derivation of the 











J COMMUTATION RELATIONS 


36 


commutation relation (88). With the help of the commutators (84) we obtain 

{x),T^I 3 {y) 


d^kd^k' 1 ^ p , 


^—ikx-\-ik' y 


^-\-ikx-\-ik' y 


(fc, A), a{k', A')j + \a{k, A), a1'(P, A') 

at(fc,A),a(fc',A')] [a1'(fc, A), at(fc', A') 

f d^kd^k' 1 ^ 

2 wfc Sxx' {k - k')e-^^^+^^'y - 2 wfc 5xx' ik - k')e+^^^-^^'y 


_g (-J ^ ^ (fc, \)eap{k, A) 


^-ik{x-y) _ ^+ik(x-y) 


(224) 


With the completeness relation (74) this becomes 


{x),T^fi (y) 


d^k 1/1 


\3 9,.,. i ^9y.v9aP + ^9fia9tJP + ^9y.p9va + ^9fiv ^2 ^9a0 ^2 


1 kf^k^ 1 ku^ki/ 

gf 




(27r) 2a;fe \ 3 

1 kjjk^ 1 kyikp 1 ki/kct 1 ky^ka 2 ky^ki/ko^kp 




n9y,a 2 
2 


2 


2 


5>^/3- 


X Q-ikU-y) _ ^+ikU-y) 


(225) 


We restrict ourself to spatial components, 


T^iix),fyi (y) 


d^fc 1/1„„ 1„„ 1„„ If kkki 1 f kikj 


cy^ij^kl 4" n^ik^jl 4" n^il^jk 2 q ' 


(27r) iwfe 

1 kj ki 1 kiki 1 kj /t/f If ki k]^ 2 k^ kj k]^ ki\ . r, / \, 

I A.. , X.. J , X.. I —j sm[fc(a; - y)] . 

(226) 


+ -zSik — 5 - 4- -Sjk —^ 4- -5ii—— + -Sji 2 . „ A 

2 2 2 2 3 


We identify three different types of integrals: 


d^k 


I{x-y)= / sin[fc(x-y)] 

J (27r) iOk 


d^k 


I,j{x-y)= / “3" fc.fcj sin[fc(a: - y)], 

J (27r) iOk 

/ d^k 

-—-3- kikjkkk sin[fc(a: - y)]. 

(27r) ujk 
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We consider only equal-time commutation relation, and thus these integrals have to be evaluated 
at equal times tx = ty = t, 


1 

II 

1 

TH 

H 

r d^k 

sin[fc • {x-y )], 

[2tt f ujk 

1 

II 

1 

r d^k 

kikj sin[fc • (x — y )], 

[2tt f ujk 

1 

II 

1 

2a 

r d^k 

kikjkkh sin[fc • {x — 

{2tt f ujk 


Considering the symmetry of the integrands, one can convince oneself that all three integrals 
vanish identically and we obtain the commutation relation ( 88 ). 

The calculation of the second commutator proceeds analogously. We utilize the fact that the 
quantized canonically conjugate fields (83) can be expressed in terms of time derivatives of the 
quantized spin-two fields (82), cf. Eq. (55): 


(^); ^01/3 (y) 




{x),T^f} (y) 


(227) 


where we used the fact that the derivative with respect to tyitx) commutes with the field Ty^^(x) 
{Tafiiy))- Using Eq. (225) we observe that the two time derivatives yield a factor under the 
integral. Since this does not change the symmetry of the integrand, we conclude that also 




= 0 . 


(228) 


In order to derive the commutation relation (90), we again use Eq. (55) and take the time 
derivative out of the commutator (225), 




dl 


{y) 


(229) 


Note that the time derivative yields a factor iiWfc in front of the first (second) exponential in Eq. 
(225). This then yields 


Ty,u (a;),n„^(y) 


d^k 


{2TTy \ 3 

1 _ kvkp 

2 


yfivyafi 
1 


1 

’ 2 


1 




2 


2 


I 1 ^ ^a^/3 

3 

1 ky,ka 

2 


1 ky_kv 

-r o5a/3-y 

3 m"' 

2 ky^ki/ko^kijj 

3 


X i cos[fc(a: — ?/)]. 


(230) 


Restricting ourself to spatial components we find: 


{x),IIki{y) 


d^k 

{27Tf 

1 


1 


1 


-f ^SiiSjk 3^^-^ 


1 ^ kkh 1 j. kikj 


— n^kl 


kjki 1 kiki 

-xOik - 5 - + -^Ojk - 5 - 

2 TO'^ 2 


kjkk , 1 


“5“ + —9 

2 


3 TO- 
kikk 2 kikjkkki 


nt* 


X i cos[fc(a: — y)]. 


(231) 


There are again three different types of integrals which have to be discussed for equal times 
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J{x-y) = 


Jij{x-y) = 

/ ,3^*^j COs[fc-(x y)] 

J (27r) 


/ - Trkikikkkicoslk ■ (x- 

J {2Trf 


d^k 

(27r)^2 L 


^+ik-{x-y) _|_ ^-ik-(x-y) 


= 5\x-^, (232) 

(233) 

(234) 


Here we used the first integral to write the second and third in a compact form. 
Combining all results the equal-time commutation relation reads 




1 .. 1 .. 1 .. 1 ^ dkdi , 1 ^ didj 1 djdi 

-dr 


— I ——^ijSki + —SikSii + —SiiSik + —Si 




OilOjk 


+ tS, 


kl- 


ik ■ 




1 didi 1 djdk didk 2 d^djdkdi\ . 3 

+ 3 ^4 i^-y) 

iS^{x — y), (235) 


I {G,kG,i + GuG,k) - Ig^jGu 


where we used Gij from Eq. (91). 


K Calculating the operators for conserved quantities 

In this appendix, we show the calculations leading to the operators described in Sec. 3.2. We 
start with the Hamilton operator. One inserts the quantized fields (82) and (83) into Eq. (56) and 
arranges the resulting terms according to products of annihilation and creation operators: 


H=^Jd^x • vf 


1 

2 



d^fcd^fc' 

{27r)^AujkUJk 


5 


; E 


1 




X 


a(fc, X)a{k', A') (-WfeWfe/ -k-k' + m^^ ^-r{k+k')x 


+ a{k, X)a^ {k', X') 

WfcWfe- + fc-fc' + m2) 


+ a^{k, X)a{k', X') 

'iJkUJk' +k-k' + g+*(fc-fc')^ 


+ d^k, X)d^{k', X' 

(^—LOkiOk' — k-k' + ^+i(k+k )x ^ 

(236) 
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Using the completeness relation for the plane waves, J = (27r)^(^^(fc =F k') we obtain 




2 J (27r)34w/cW/c' 

a{k, \)a{k', A') (-WfcWfe. - fc • fc' + (27r)3 

+ a(fc, A)a^(fc', A') i^k^k' + k-k' + (27r)^ S^{k — k') 

+ a\k, X)a{k', A') (wfcWfc/ + fc • P + (27r)3 ,53(fc - fc') 


+ a\k, A)a1'(fc', A') (-WfcWfc. - fc • fc' + (27r)3 ,i3(fc + k') 

5 

e^i/(fc, A)e'''^(fc, A') a(fc, A)a^(fc, A') + a^(fc, A)a(fc, A') 


1 f d^k2{ujk)^ ^ 


2 ^ 

Employing the orthogonality relation (68) and the commutation relation (84), we arrive at 

5 


H = 


2 / A)a(fc, A) + ujk <^^(0) 


A =1 


(237) 


The definition (87) of the number operator then yields Eq. (92). 

In complete analogy one determines the momentum operator as the quantized version of Eq. 
(57): 


P = - I { n,;3Vf“^) d^a 




(27r)34a;feWfe/ a A^i 

i{k, X)a{k', A') (wfefc') e-^Uk+u.k')t (2,^)3 s^^k + k') 

+ d{k, X)a\k', A') (-Wfcfc') (27r)3 5^{k - k') 

+ a){k, X)a{k', A') (-Wfcfc') j3(^ _ 

+ A)a^(fc', A') (wfcfc') e+*(‘^'=+“'=')* (27r)3 5^{k + k') 


(Uk k \ r 

—-< ^ €fj,^{k,X)e^‘'{k,X') d\k,X')a{k,X) + a\k,X)d{k,X')+ 2u!kS\\'S^{Q) 

[a,A' = 1 
5 

+ ^ e^4fc,A)e'^"(-fc,A') [a(fc, A)a(-fc, A')e-2“'=* + a^(fc, A)a^(-fc, A')e+2*“''‘ 

A,A^ = 1 
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where we used the commutation relation (84). We now observe that last term in the first line 
and all terms in the second line vanish, since the integrand is an odd function of k. Using the 
orthogonality relation (68) and the definition (87) we then obtain Eq. (93). 

Next we calculate the spin operator. We first quantize Eq. (61), where we select the z-direction 
as quantization axis: 

5, = -2 y' d^x (ihpf^P - U2pf^^) 


= -2i 


d^kd^k' A 

(2^)34^fc, 


eip(fc, X)e^f’{k', A') - e2p{k, X)e^P{k\ X') 


X 


-a{k, X)a{k', (^2n)^ 5^{k + k') 


- a{k, X)aHk\ (27r)3 5^(k - k') 


+ a\k, X)a{k', (^2nf S^{k - k') 


+ d\k, A)a^'(fc', A')e+*(‘^''+‘^'=')* (27r)3 5^{k + k') 


, r\ 3 U I r ^ ^ _ 

^ I X! [eip(^, A)e^^(-A:, A') - e2p(fc, A)e^^(-fc, A') 


A,A' = 1 


X \-a{k, A)a(-fc, + a^^k, X)a^-k, 


+ ^ iipik,X)e‘^P{k,X') - e2p{k,X)e^P{k,X') 




—a(k, A)a^(fc, A') + a^(fc, A)d(fc, A') 


Taking a closer look at the first sum, we see that it vanishes by symmetry when we substitute 
k ^ —k and exchange A O A'. We thus arrive at 

r rUh ^3 ^ ^ ^ _ ^-1 

Sz =—i I -— €ip{k, X)e^^{k, X') — e 2 p{k, X)€^^{k, X') {k, X)a{k, X') — a{k, X)a^{k, X') . 


‘2‘U^k 


A,A' = 1 


Further progress is made by employing the explicit form of the polarization tensors. Here it does 
not matter whether we use the polarization tensors in the rest frame, Eqs. (69) - (73), or the 
boosted ones from App. G. It turns out that only the terms (A, A') = (1,2), (2,1), (3,4), (4,3) 
give a nonvanishing contribution: 

d^i-fr-. r - ^ - -n 

a^(fc, l)a(fc, 2) — a(fc, l)a^(fc, 2) —2 d^(fc, 2)d(fc, 1) — a(fc, 2)a^(fc, 1) 


Sz = -i I ^<2 

J 4wfc 


d3fc 

2 cufc - 


d^(fc, 3)d(fc, 4) — a(fc, 3)a^(fc, 4) — a^(fc, 4)d(fc, 3) — a(fc, 4)a^(fc, 3) 


—2 a\k, 2)a(k, 1) + 2 a\k, l)d(k, 2) — a\k, 4)a(fc, 3) + a^(fc, 3)d(fc, 4) . (238) 
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This operator is not diagonal and cannot be directly expressed via number operators. This is, 
however, possible by switching the basis of polarization tensors to a circularly polarized one: 


d(fc, +) 
a{k,-) 
a{k, A) 
a{k, □) 
a{k,0 ) 


1 

TIL' 

1 

TIL' 

1 

TIL' 

1 

T2 L' 

a(k, 5). 


a{k, 1) — ia{k, 2) 
a{k, 1) + id{k, 2) 
d{k, 3) — id{k, 4) 
d{k, 3) + id{k, 4) 


(239) 


The inverse transformations are given by: 


d{k, 1) 
d(k, 2) 
a{k, 3) 
d(k, 4) 
a(/c, 5) 


1 

T5L 

i 

T2 L' 

1 

T5L' 

i 

T 2 L' 

d(k, 0). 


a{k, +) + d{k, —) 
d{k, +) — d{k, —) 
a{k, A) + d{k, □) 
d(k, A) — d{k, □) 


Finally, using the operators (239) one finds an elegant expression for the z-component of the spin 
operator: 


S, = 


J -—|2 a^(fc,+)a(fc,+) — a^(fc, —)a(fc, —) + d^(fc, A)a(fc, A) — a^(fc, □)d(fc, □)j | . 


(240) 


Defining appropriate number operators for the individual polarization directions in analogy to Eq. 
(87), we arrive at expression (94). 
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